Abstract: This paper proposes a blind carrier frequency offset (CFO) estimation method for coherent optical orthogonal frequency division multiplexing (CO-OFDM) systems, using constant modulus signaling. The proposed scheme is based on a robust cost-function, which deviates from the common assumption that the channel frequency response slowly varies either in time or frequency domain. The proposed method adopts a cost-function similar to the Godard's method for blind channel equalization. Using Monte Carlo simulations, the proposed method is shown to offer a superior performance compared to prominent existing methods, in a practical optical link scenario. Also, we show that the proposed cost-function can be approximated and expressed in a closed-form in such a way that the CFO estimate is obtained using only three trial values.
Introduction
The deployment of optical networks has become inevitable due to the phenomenal advancement in the communications industry and the associated extraordinary demand for high data throughput. The orthogonal frequency division multiplexing (OFDM) technique has been incorporated so as to enhance the overall output of the existing optical transport networks. The coherent optical orthogonal frequency division multiplexing (CO-OFDM) has received considerable attention in recent years due to its robustness, efficiency and flexibility [1] - [7] . However, the CO-OFDM is highly susceptible to carrier frequency offset (CFO), which degrades the overall performance and system efficiency [8] , [9] .
An increasing number of research studies have presented various CFO estimation methods, in both the optical and wireless domain [8] - [13] . Also, blind constant modulus based CFO estimation schemes have been proposed in the wireless domain [14] - [18] . A modest kurtosis-type criterion is used for CFO estimation in [19] . The approach exploits the variance of interfering subcarriers and the Gaussianity of a random sequence, to derive the proposed cost function. The kurtosis-type estimator is built on the idea that if the CFO has not been totally compensated, the distribution of the post-DFT sequence is closer to Gaussian than when the CFO has been perfectly compensated. Another blind CFO estimation method is presented in [20] , which exploits the smoothing power spectrum. In the approach, the cost function is based on the similarity of the frequency response between two adjacent subcarriers. The method can be utilized for both constant modulus (CM) and non-CM signaling. In [21] , an improved method is proposed to address the drawbacks of the kurtosis-based estimators. In this method, CFO estimation is achieved by minimizing an objective function based on the power difference between received constellations using CM signaling. The performance of this method is shown to be superior to the method in [19] , but with similar computational complexity. However, these schemes suffer from gross degradation under severe channel conditions [22] . The power difference estimator (PDE-T), which is a hybrid time-frequency domain estimator, is proposed in [23] . The cost function minimizes the power difference between subcarriers in two consecutive OFDM symbols and assumes a slowly varying channel in the time domain. Recently, the amplitude difference estimator (ADE-T) method [24] , similar to the PDE-T, was proposed. In the ADE-T method, the CFO estimate is obtained by deriving a cost function based on the magnitude of the received sequence with two similar subcarriers having the same indexes. The cost function, which is derived by exploiting the channel coherence in time, has quasi-regular shape and can be further approximated to achieve a closed-form CFO estimation [24] . The ADE-T method is less sensitive to noise and instabilities along the channel. In [25] , a CFO estimator is presented, whose cost function is derived based on the powers of non-diagonal elements of covariance matrix. The information on the CFO is embedded in the covariance matrix of the received sequence. The method achieves CFO estimation by minimizing the total off-diagonal power induced by the inter-channel interference (ICI) in the frequency domain. However, the implementation of this scheme requires large number of OFDM symbols, which causes processing delay. Also in [22] , a circularly shifted covariance (CSC) matrix method was proposed, where estimation is achieved by forcing the out-of-band elements of the matrix to zero. The covariance matrix obtained has a banded structure and the CFO is estimated by minimizing the power of the elements that are outside the band. The cost function of this method is dependent on the property of the channel matrix, which makes it susceptible to impairments along the channel. This approach gives an enhanced performance and requires a reduced number of OFDM symbols compared to the method in [25] . But it becomes unstable and the efficiency degrades as the out-of-band elements of the covariance matrix decreases under severe channel conditions. Thus, a completely blind low-complexity CFO estimation approach for constant modulus constellations CO-OFDM systems is proposed, with a cost function similar to one utilized for blind channel equalization in [26] . The performance of the proposed approach is analyzed and compared with prominent existing methods in a practical optical system with an uncompensated fiber link in terms of the mean square error (MSE), the bit-error-rate (BER) and the convergence speed.
The main contributions in this paper therefore include: 1. The investigation of the performance of prominent constant modulus based blind estimation schemes, which have hitherto not been implemented and analyzed in the optical domain. This paper therefore investigates how these existing constant modulus schemes perform in the optical scenario, with fiber dispersion. 2. A blind low-complexity CFO estimator is proposed and compared with existing constant modulus schemes. In the existing methods, the cost functions are totally dependent on the channel characteristics, where it is usually assumed that the channel slowly varies over consecutive symbols. However, the proposed estimator is independent of this general assumption. This in fact makes the proposed method robust against channel impairments. 3. In order to achieve low-complexity, the proposed cost function is derived and approximated as a cosine function, so that the CFO estimate is obtained using the curve fitting method, where only three trial values are required. 4. The derived closed-form expression ensures a low complexity similar to the existing schemes while offering a superior overall performance. The rest of this paper is organized as follows. Section 2 presents the CO-OFDM system model. The CO-OFDM system employed is modeled in the presence of CFO with dispersion along the fiber link. Section 3 discusses the existing estimation schemes in the literature. In Section 4, the proposed blind CFO estimation is derived and discussed. Section 5 presents the simulation results for the proposed estimator. The performance of the proposed method in comparison with prominent existing methods is also discussed. Finally, Section 6 gives the conclusion. 
System Model
Considering a CO-OFDM system as described in Fig. 1 , with N subcarrier, the transmitted nth OFDM signal is given by
T , where data symbols X n are uniformly drawn from a CM constellation. The time domain
T is given as:
which can be expressed as d n = W X n , where W is the normalized N × N IDFT matrix. The elements of W are defined by
N , where m and k denote the row and column indices respectively and vary from 0 to N − 1.
The signal then passes through the optical channel and the received sequence is given as:
where ε ∈ (−0.5, 0.5) is the CFO, and the accumulated phase shift caused by the CFO on the time domain samples is given by
, whose nth OFDM symbol is given as e j 2πεn N (N +N g ) . Also, N g represents the guard interval, while Z n is the holistic channel impulse response of the fiber link encompassing the polarization mode dispersion, group velocity dispersion and other polarization dependent losses [2] , [27] .
The received sequence y n is multiplied by C * (ε) for CFO compensation using a trial value of CFŌ ε, then fed to the DFT to obtain
where W −1 = W H is a unitary matrix. Also, the mth element of Y n can be expressed as:
where
Also, as stated earlier, Z n (m) is the comprehensive channel impulse response of the fiber link, which includes the group velocity dispersion (GVD). The GVD ∅ n (m), which is primarily a phase shift due to distortion in the fiber-link, can be expressed mathematically as:
where q f denotes the chromatic dispersion in the link, f m is the frequency for the mth subcarrier while f o is the center optical frequency. From the above expressions, the received signal can be analyzed and the CFO can be evaluated.
Existing Blind CFO Estimation Methods
Various schemes have been proposed and implemented in the literature to combat the degrading impact of CFO on the performance of CO-OFDM systems. However, most of the existing schemes are pilot-based or data-aided schemes, which results in an increased overhead in the optical system [8] - [11] . Maximum likelihood based methods have been utilized but these also come with the associated computational burden [12] , [13] . In contrast to the methods mentioned above, the blind estimation schemes offer a more efficient approach. Various blind estimation schemes have been proposed in the field of wireless communications. The prominent among the existing blind estimation methods are therefore examined and derived for CFO estimation in the optical scenario.
The Power Difference Estimator (PDE)
In [21] , a blind CFO estimation scheme for OFDM systems with CM signaling is proposed. The scheme, which is referred to as PDE-F, is based on the assumption that the channel frequency response is approximately the same for two neighboring subcarriers. Based on this assumption, a cost function is derived and utilized for blind CFO estimation in a closed-form. Also, it is assumed that the CFO has been perfectly compensated before the DFT stage, thus the DFT output is considered to be without ICI. In [23] , a similar method, which is referred to as the PDE-T scheme, is implemented for CFO estimation in OFDM systems. The method, which is a hybrid time-frequencydomain estimator, assumes the channel frequency response varies slowly in the time domain. Therefore the resulting sequence after DFT in a noise-free case is described as:
Considering the case of CM signaling, the squared amplitude of the resulting sequence after DFT is taken as the squared amplitude of the optical channel frequency response, which is expressed as:
Also assuming that the channel response slowly changes in the frequency domain, then consecutive subcarriers have equal power. Thus,
Based on the above expressions, a cost function is formulated, and the CFO estimation is achieved by the expressionε
where the assumption in (9) is valid for all subcarriers. The CFO is assumed constant over M consecutive OFDM symbols and (11) can be expanded and further approximated as [21] , [23] :
where A and C are constants with real values, independent ofε but dependent on the optical channel and symbol realization as detailed in [23] . Also, the cost function achieves its minimum at ε = ε. The curve-fitting method as described in [19] , can be utilized for the minimization process since the cost-function is sinusoidal.
The Amplitude Difference Estimator (ADE-T)
In [24] , another cost function was proposed for blind CFO estimation. The method is achieved by using a cost-function based on the sum of the products of the signal amplitudes on each pair of equivalent subcarriers from consecutive OFDM symbols. Considering the case of CM signaling while assuming a slow time-varying channel response, then
and the cost-function is described as
Thus CFO can be estimated by minimizing the cost-function aŝ
The Circularly Shifted Covariance Method
A circularly shifted covariance method is proposed in [22] , with the cost-function based on the covariance matrix obtained through circularly shifted OFDM blocks in the time-domain. This method is achieved by obtaining covariance matrix using few numbers of OFDM symbols while forcing outof-band elements of the matrix to zero. Thus the sample covariance matrix is generated using the expression
where F n is obtained with circularly shifted received sequence Y n (m) constituting its columns. This method is highly dependent on the fiber channel length L as detailed in [22] .
Proposed Constant Modulus Based Blind CFO Estimation
As summarized above, the various methods are based on a common assumption that the channel varies slowly over consecutive symbols. However, this assumption may not hold in the case where the CFO is not perfectly estimated. The approach in [22] deviates from this assumption, but is highly dependent on the channel characteristics due to the out-of-band elements of the covariance matrix. Therefore, we present a cost-function, which is independent of the above assumptions and drawbacks. The proposed approach is achieved based on the approximation of the constant modulus cost-function similar to the one utilized for blind channel equalization in [25] . Hence, the following cost-function is proposed for the blind CFO estimation
where R is a constant chosen to guarantee the minimization of J GA (ε). Thus, J GA (ε) should be minimized with respect to the trial value of ε, denoted asε, and the CFO estimate is obtained bŷ
In order to achieve a closed-form CFO estimation, the cost-function in (17) is therefore approximated as (see Appendix I)
where • A and B are real values and independent ofε and ε, while ∂ = ε −ε. Therefore, approximating the cost-function in (17) eliminates the need for the exhaustive search and the CFO estimate can be obtained using the curve-fitting method as described in [19] . The minimum of the approximated cost-function in (19) is evaluated at three distinct points, ε = 0, 0.25, and − 0.25. Thus, the estimate of the CFO is obtained bŷ
for a < 0 and b ≥ 0, 
Simulation and Discussion
The quadrature phase-shift keying CO-OFDM system is utilized in the computer simulations to investigate and analyze the performance of the various estimation methods. The CO-OFDM system is based on a central wavelength of 1550 nm, with N = 64 subcarriers and cyclic prefix of length 16. The sampling rate of 10 GS/s is utilized and the OFDM duration is 7.2 ns with fiber link loss coefficient of 0.2 dB/ km. Existing schemes are compared with the proposed method in terms of mean square error and bit-error rate using Monte Carlo simulations while the normalized CFO ε, is assumed to be uniformly distributed in the range (−0.5, 0.5). The optical system model is fully implemented mimicking a practical scenario with prevailing fiber-link dispersions, whose effects on optical links are detailed in [2] , [27] . The fiber dispersion is 17 ps/km/nm while the erbium-doped fiber amplifier is of 16 dB gain with noise figure of 4 dB and the non-linear coefficient of the fiber is 1.32/W/ km.
First an independent analysis is carried out on the performance and the behavior of the proposed cost function. The general attribute and performance is a function of the constant R. The connotation R can be taken as a dispersion coefficient as described in [26] , [28] , where it becomes dependent on the transmitted data. However, to achieve a blind CFO estimation without the priori knowledge of the transmitted signal, R can be taken as a positive real constant [28] - [30] . To ascertain the value of R at which our proposed method achieve the best performance, we vary the value of R and the MSE plot is shown in Fig. 2 . From the plot, the proposed method achieves the best performance at R = 1.0 while R = 0.5 gives a degraded output. Also in Fig. 3 , the MSE is plotted as a function of R at different OSNRs. It can be seen from the plot that R = 0.9 offers the best performance at OSNR = 15 dB. However at OSNR = 22 dB, R = 1.0 gives the best performance. Furthermore, the steady-state characteristics and the convergence speed of the proposed algorithm is investigated at OSNR = 12 dB as shown in Fig. 4 . From the MSE plot, it can be seen vividly that the proposed algorithm achieves the fastest convergence at R = 1.0. At the value R = 1.0, the proposed algorithm already attains steady-state with the number of OFDM symbols at 600. The other values of R achieves steady-state with the number of OFDM symbol at 700 or greater. Hence R = 1 is selected as the preferred value for the proposed method since it gives the fastest convergence and an efficient overall performance. In Fig. 5 , the BER performance of existing methods in the literature is compared with the proposed method as implemented in the optical scenario with CFO ε, uniformly distributed in the range (−0.5, 0.5). The effectiveness of the algorithms is demonstrated by showing the scenario where there is no CFO in the CO-OFDM system, with the CFO at 0.15. The plot shows the performance of the PDE-T method in [23] . The PDE-T method has been shown to outperform the PDE-F method [21], therefore it is chosen as one of the methods used for performance comparison. Also, the performance of the CSC method [22] and the ADE-T method are shown in the plot. The BER and the MSE plots with varying values of CFO are shown in Figs. 6 and 7 respectively, at OSNR = 15 dB. It can be seen that the range of the proposed system, like the other methods considered, is limited by the constant modulus constraint. The methods give acceptable performance up to CFO ≤ 0.25, beyond which there is fast system degradation. The estimation range can be increased considerably by employing a second stage iterative estimator [31] , although this comes with an increased system complexity. The MSE comparison of the various existing methods is compared with the proposed method as shown in Figs. 8 and 9 . In Fig. 8 , the plot is carried out with the fiber link of eight optically amplified 80 km fiber spans. From the plot, the ADE-T method achieves a superior performance as compared to the other methods including the proposed method at low OSNRs. However, the performance degrades at high OSNR values, where it is outperformed by the PDE-T method. The CSC method outperforms both the ADE-T and the PDE-T methods at high OSNR values although the ADE-T method offers a superior performance at low OSNR value. The proposed method is outperformed by the ADE-T method at OSNR < 8 dB. Also, the proposed scheme offers a superior performance to the PDE-T and the CSC method for all OSNR values. However, at OSNR values greater than 8 dB, the proposed method effectively gives a better performance. The effectiveness of the various methods is further investigated under an uncompensated fiber-link with a total fiber haul of 1.8 × 10 3 km. Under this fiber condition, the general performance of the various algorithms degrades as shown in Fig. 9 . The plot shows that the CSC method suffers greatly under fiber impairments and its performance becomes inferior to the other blind estimation schemes. The ADE-T out-performs all the other methods at low OSNR values but at increased OSNRs it is outperformed by the PDE-T method and the proposed method.
In Fig. 10 , the steady-state dynamics of the estimation schemes under consideration is investigated. As seen from the plot, the proposed method offers a superior performance and achieves the fastest convergence as compared to the other schemes. Also in Fig. 11 , the plot shows the behavior of various schemes at OSNR = 15 dB, as the fiber length is increased up to 2000 km. From the graph, the performance of the proposed method suffers slight degradation with increased dispersion and fiber length. However, it offers a stable and efficient performance across the fiber length, compared to the ADE-T method. The plot shows the CSC method as very unstable as compared to the other methods under consideration. The performance of the CSC method is greatly influenced by dispersion and impairments along the fiber-link of length L. In the proposed method, the estimation is performed using the demodulated OFDM symbols from the FFT operations and the total number of multiplications required is of the order O (N ) as with the other existing methods (Table 1) . Thus, the proposed method achieves a low-complexity, stable and efficient performance, which is shown to be robust against fiber dispersions. 
Conclusion
A highly efficient totally blind CFO estimation method has been proposed and implemented for CMsignaling based CO-OFDM systems. First, existing blind estimation schemes in the literature have been adapted, derived and implemented in the optical scenario. The performances of these existing schemes are further compared with the proposed blind CFO estimator. The blind CFO estimation method has been proven through analysis and simulation to achieve a superior performance as compared to the prominent existing blind estimation schemes. The proposed estimator shows high stability and performance in the presence of fiber impairments and dispersion. The proposed costfunction is also approximated as a cosine function, thus the CFO is estimated in close-form using only three trial values. This ensures that the proposed method achieves a reduced computational complexity similar to the existing methods. Therefore, the proposed method offers a balanced and efficient overall performance as compared to existing blind estimation methods.
Appendix I
Expanding (17) gives
Substituting (5) into (4), while assuming the noise due to the ASE of the optical amplifiers is minimal throughout the fiber-link, gives:
Substituting (22) into (21) gives,
Thus, 
where ω = k 1 − k 2 + k 3 − k 4 . Also, 
If ω = 0, and using the condition in (25) , then (28) 
where q = m 1 − m 2 and k 1 = k 2 = k. The expression in (29) is therefore independent ofε, as well as the CFO ε, and is denoted as S n 2 . Therefore substituting (29) , (27) into the cost function in (17) gives:
and ( 
